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Pulsed and continuous measurements of exponentially decaying systems
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We study the influence of a detector on the decay law of a quantum state whose “undisturbed”
survival probability is purely exponential. In particular, we consider a detector with a finite energy
band of detection, i.e. it interacts only with decay products having an energy within a certain
range of values. In one case, we assume that the detector performs many repeated measurements at
short time intervals in all of which a collapse of the wave function occurs (bang-bang or pulsed-type
measurements). In the second case, we assume a continuous measurement which preserves unitarity.
We confirm the slowing down of the decay in presence of a measuring apparatus, the Quantum Zeno
effect, but the outcomes of the detector are in general qualitatively and quantitatively different
in the two cases. In turn, this implies that the so-called Schulman relation (the equivalence of
pulsed and continuous measurements) does not hold in general and that it is in principle possible
to experimentally access how a certain detector performs a measurement.
PACS numbers: 03.65.-w,03.65.Ta,03.65.Xp
Introduction: The quantum Zeno effect is a phenomenon
which consists in a slowing down of the decay law due to
the influence of the measurements [1–3]. It was first ob-
served as an inhibition of a quantum transition between
two energy levels in Ref. [4] and later on confirmed in Ref.
[5]. These experiments can be interpreted as the effect of
a pulsed series of ideal measurements at time intervals τ ,
where each measurement causes the collapse of the wave
function.
When the quantum system is unstable (i.e. it couples to
a continuum), the occurrence of the quantum Zeno and
anti-Zeno effects are related to the non-exponential be-
havior of the survival probability at short times after the
preparation of the initial unstable state, see e.g. Refs. [6–
8]. In turn, these deviations are regulated by the existence
of a high-energy scale (alias a ‘cutoff’) Λ in the spectral
function of the unstable system which depends on its in-
teraction with the decay products. If the time interval τ
between two measurements is of the order of (or smaller
than) 1/Λ the decay probability is effectively modified [9].
Such effects could be seen experimentally by using tailored
unstable systems in the pioneering works of Refs. [10, 11]
(also in this case, the collapse postulate can be used to un-
derstand the results). However, in natural unstable non-
relativistic quantum systems, such as an excited atomic
state, Λ is usually very large (much larger than the decay
width) and not experimentally accessible [12]. Conversely,
in the high-energy realm of strong decaying particles such
a cutoff is comparable with the decay width but the cor-
responding lifetime is too short to allow a measurement of
the temporal evolution of the system [13, 14].
The wave function’s collapse postulate is not the only
way to describe the effect of a measurement: a different
description makes use of a unitary evolution arising from
the interaction of the quantum state with the detector
[3, 15, 16]. In the theoretical work of Schulman [15], it
was shown how a pulsed series of measurements at time in-
tervals τ , in all of which the collapse of the wave function
occurs, is analogous to a continuous measurement with de-
tection’s efficiency σ, in which a unitary evolution is imple-
mented and no collapse of the wave function takes place.
The equivalence of the two types of measurements is ex-
pressed in the so-called Schulman relation τ = 4/σ which
holds in the limit τ → 0. Indeed, a continuous measure-
ment of a quantum transition and the validity of the Schul-
man relation were experimentally confirmed for a two-level
system in Ref. [17].
In Ref. [18] it was realized that the quantum Zeno effect
can take place also in exponentially decaying systems (Λ→
∞), provided that the experimental apparatus has a finite
energy band of detection. In turn, this opens the exciting
possibility of modifying the effective decay rates even in
the case of natural unstable systems (atoms, nuclei, etc.).
Here we reconsider this possibility by extending the results
of Ref. [18]: we will show in particular that in the case
of a experimental apparatus with a finite bandwidth also
the pulsed measurement leads to the Quantum Zeno effect
and that the Schulman relation does not hold. The two
types of measurement provide actually different ‘no-click’
probabilities (this is the probability that the detector does
not make click up to the instant t). This result implies
that it is in principle possible to distinguish between the
two types of measuring procedures and thus to also test
the assumption of the collapse of the wave function as a
“real” physical phenomenon [19–23].
Pulsed (bang-bang) measurement: We consider an un-
stable state |S〉 which couples to a continuum of states
|k〉 through the following Lee Hamiltonian H = H0 + H1
[24, 25]:
H0 =M0 |S〉 〈S|+
∫ +∞
−∞
dkω(k) |k〉 〈k| , (1)
H1 =
∫ +∞
−∞
dk
gf(k)√
2pi
(|S〉 〈k|+ h.c.) , (2)
where M0 and ω(k) are the energy eigenvalues of the (un-
perturbed) Hamiltonian H0. With no loss of generality
we set M0 = 0. Moreover, we assume that ω(k) = k: the
energy is not bounded from below. Although unphysical,
this is usually a very good approximation because the low
2energy threshold is typically very far away from M0. The
parameter g is the coupling strength and f(k) is a dimen-
sionless form factor which regulates the coupling of the
unstable state with each state of the continuum. In this
work we make the very simple choice f(k) = 1 (the unsta-
ble state couples with all the decay products with the same
strength, i.e. Λ→∞).
With these choices, the time evolution reads (see Refs.
[14, 25] for details)
e−iHt |S〉 = a(t) |S〉+
∫ +∞
−∞
dkb(k, t) |k〉 (3)
where
a(t) = e−Γt/2 , Γ = g2 , b(k, t) =
√
Γ
2pi
e−ikt − e−Γt/2
k + iΓ/2
.
The survival probability, i.e. the probability that the state
|S〉 prepared at t = 0 is still in its initial state at the instant
t, is given by p(t) = |a(t)|2 = e−Γt, the usual exponential
decay law [26–28]. Note, if we make a series of measure-
ments of the unstable state at time intervals τ , after n steps
(alias, at the time t = nτ) the no-click probability is given
by p(τ)n = p(t). As expected, in the exponential limit one
does not have the Zeno effect: one single measurement at
the time t gives the same outcome of a series of measure-
ments. However, this is true only when a measurement of
the initial state |S〉 can be exactly performed.
In the following, we assume to make a different type of
measurement: our hypothetical detector detects the final
state |k〉 (such as the photon in an atomic spontaneous
emission) only in the energy range (−λ, λ). The function
wλ(t) =
∫ +λ
−λ
dk |b(k, t)|2 (4)
plays an important role and has a clear interpretation: if
we perform a single, ideal measurement at the instant τ ,
the probability that the detector makes ‘click’ (meaning
that the photon is detected) is given by wλ(τ). Now, let
us make a series of n measurements at times τ, 2τ, ...,
t = nτ : the probability that the detector has not detected
the decay product(s) at the instant t is given by:
pBBno-click(t) = 1− wλ(τ)
1− e−Γt
1− e−Γτ (5)
where the suffix BB stands for bang-bang. The proof of
Eq. (5) is obtained by taking into account the collapse
at each ideal measurement, which leads to pBBclick(nτ) =
wλ(τ)p((n − 1)τ) where pBBclick(nτ) is the probability that
the detector makes click at the n-th measurement. The
quantity pBBno-click(t) is always an exponential function for
any value of λ and τ. In the limit t→∞,
pBBno-click(∞) = 1− wλ(τ)/(1 − e−Γτ ) . (6)
There is a nonzero probability that the detector will never
make click, which depends both on the range λ and the
time interval τ . One can regard this saturation phe-
nomenon of the survival probability as a manifestation of
the Quantum Zeno dynamics [29] which is related to our
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FIG. 1: (Color on-line) The ratio between the decay probability
wλ(t) and t is displayed as a function of time for different values
of λ. Only in the limit λ → ∞ the decay probability wλ(t) is
linear in time while for finite values of λ it shows a quadratic
behaviour at short times. Note, the limits λ → ∞ and t → 0
do not commute. In the insert we show wλ(t), notice that for
t → ∞ it saturates to a value smaller than one if λ is finite.
simplifying assumption of zero efficiency of the detector for
values of energy outside the bandwidth.
The function wλ(t) is plotted in Fig. 1. At small times,
t . λ−1, it grows quadratically with t. Thus, when a se-
ries of measurement is performed with τ → 0 the quantity
wλ(τ)/(1 − e−Γτ ) → 0 , and pBBno-click(t) → 1: quite re-
markably, we obtain a (full) Zeno effect induced by pulsed
measurements in a system whose unperturbed decay law
is exponential. For λ → ∞ one has wλ(t) = 1 − e−Γt (it
grows now linearly with t at small times), implying that
pBBno-click(t) = p(t) = e
−Γt. No Zeno-effect induced by the
detector takes place in this limit and the usual exponential
survival probability is measured, as expected.
Continuous measurement and comparison: A simple and
effective way to model the continuous measurement is to
add to the Lee Hamiltonian of Eq. (1) a term which couples
the final states |k〉 to corresponding states of the measure-
ment apparatus. In turn, this coupling makes the decay
products also unstable by effectively modifying their en-
ergy eigenvalues as
ω(k) = k → k − iσ(k)/2 , (7)
where σ(k) parametrizes the efficiency of the measuring ap-
paratus [16] and expresses that fact that a real experimen-
tal apparatus is more efficient in detecting certain values
of the energy of the decay products [a neutrino detector
for instance is usually based on inelastic weak interactions
of neutrinos with the material of the detector: low en-
ergy neutrinos (much below 1 MeV) basically cannot be
detected]. In order to make contact with the bang-bang
case, we assume that (again setting M0 = 0):
σ(k) = σ for k ⊂ (−λ, λ), 0 otherwise. (8)
Thus, the detector can make click only if the energy k of
the outgoing particle lies within the range (−λ, λ), while
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FIG. 2: (Color on-line) We display the saturation value of the
no-click probability in the continuous case (r.h.s. of Eq. (14),
valid in the limit of large σ) as a function of λ. We also show
the bang-bang case (see Eq. (6)) as a function of λ and for
different values of τ .
for all the other values there is no coupling with the appa-
ratus. Intuitively, σ−1 is analogous to the time interval τ
of the pulsed measurements. Indeed, in the case of intrinsic
deviations from the exponential law (such as the existence
of a finite cutoff Λ encoded in a non constant form fac-
tor f(k)), the Schulman relation τ = 4/σ holds [15]. As
we shall see, in the finite-bandwidth detectors analyzed in
this paper this relation is not valid.
The HamiltonianHC obtained via Eqs. (1) and (8) upon
the replacement (7) is not Hermitian (it has complex eigen-
values) but this does not represent a problem. In principle,
the full evolution makes use of the full Hermitian Hamil-
tonian Hfull that involves the state |D0〉 , which describes
the detector which has not measured the decayed parti-
cle, and |Dαk 〉, which describes one of the (many possible,
α enumerates them) states corresponding to the detector
which has measured the decay product with energy k:
e−iHfullt |S〉 |D0〉 =
(
e−iH
C t |S〉
)
|D0〉+∫ +∞
−∞
dk
∑
α
q(k, t) |k〉 |Dαk 〉 . (9)
Thus, for the issues we want to discuss here, it is enough
to concentrate on the subspace of the detector |D0〉.
The temporal evolution reads e−iH
C t |S〉 = aC(t) |S〉 +∫ +∞
−∞
dkbC(k, t) |k〉 , where the suffix C stands for contin-
uous measurement. The survival probability is
pC(t) =
∣∣aC(t)∣∣2 =
∫ +∞
−∞
dEdS(E)e
−iEt , (10)
where dS(E) =
−1
pi ImGS(E) is the energy distribution and
GS(E) = 〈S|
[
E −HC + iε]−1 |S〉 = [E +Σ(E) + iε]−1
is the propagator of the unstable state |S〉 . The self-energy
Σ(E) reads
Σ(E) =
g2
2pi
log
(
λ+ E
λ− E
)
+
g2
2pi
log
(
E − λ+ iσ/2
E + λ+ iσ/2
)
(11)
and depends on the parameters λ and σ which specify the
detector intrinsic bandwidth and efficiency. Finally:
bC(k, t) =
√
Γ
2pi
∫ +∞
−∞
dEdS(E)
(
e−iω(k)t − e−iEt
ω(k)− E
)
.
(12)
Just as in the bang-bang case, we ask which is the prob-
ability that the detector does not fire up at the instant t.
The resulting no-click probability at the time t is given by
pCno-click(t) = p
C(t) + wC(t) , (13)
where wC(t) =
∫ +∞
−∞
dk
∣∣bC(k, t)∣∣2is the probability that
the unstable state has decayed but the detector did not
register it. An important quantity is pCno-click(∞), which
describes the probability that the detector does not make
click even if one waits a very long time. The analytic ex-
pression of this quantity reads:
pCno-click(∞) =
g2
pi
∫
∞
λ
dk |k +Σ(k)|−2 ≃ 1− wλ(∞) ,
(14)
where the r.h.s. of the equation becomes a very good ap-
proximation for increasing σ. pCno-click(∞) is only logarith-
mically dependent on σ and for large but finite values of σ
approaches 0 due to the fact that wλ(∞) ∼ 1 (see insert
in Fig. 1). These properties are utterly different from the
asymptotic behavior pBBno-click(∞) (Eq. (6)) which strongly
depends on τ for small τ as shown in Fig.2 (orange lines).
In the following we discuss some relevant cases which we
also compare to the bang-bang results:
(a) A trivial limit holds for σ = 0, for which the time
reaction of the detector is infinite (no coupling with the
detector). Being in this case the Hamiltonian HC Hermi-
tian, we obtain pCno-click(t) = p
C(t) + wC(t) = 1. There is
obviously never a click. (This scenario corresponds to the
limit τ → ∞ in the bang-bang case: clearly, there is no
click because no measurement takes place.)
(b) For λ≫ Γ and λ≫ σ the self-energy reads Σ(E) =
iΓ/2, which implies pC(t) = e−Γt. The no-click probability
reads:
pCno-click(t) = e
−Γt +
Γ
Γ− σ
(
e−σt − e−Γt) , (15)
which is manifestly different from the projective measure-
ments, where for large λ one has pBBno-click(t) = e
−Γt (in-
dependently on the value of τ). Indeed, the present case
applies to the parameter choices studied numerically in Ref.
[18]. Only if we additionally require that σ ≫ Γ, Eq. (15)
reduces to the usual exponential law pCno-click(t) = e
−Γt.
(c) We study numerically the case of finite time response
(finite σ). We set again λ = 3Γ and display pCno-click(t) for
σ = 40Γ and σ = λ = 3Γ (left and right panels of Fig.
3 respectively). We also show for comparison the bang-
bang function pBBno-click(t) (Eq. (5)) for the Schulman’s value
τ = 4/σ. In the left panel the value of σ is large: for short
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FIG. 3: (Color on-line) pno-click as a function of time for con-
tinuous and bang-bang measurements for two values of the de-
tection efficiency σ and their relative values of τ as prescribed
by the Schulman rule; also the exponential decay is shown for
comparison. The results of the two types of measurements are
qualitatively different, the difference becoming larger for larger
values of σ.
values of t the two curves lie on top of each other, as the
Schulman relation prescribes. However, they soon depart
from each other and, as explained above, they have utterly
different asymptotic values: pCno-click(∞) < pBBno-click(∞). If
small values of σ are considered (σ = 3Γ see right panel),
the Schulman prescription fails both at short and at long
times. Notice that, by varying the choice of τ does not
improve the correspondence, because it either spoils the
short-time or the long-time agreement. In conclusion, in
the case of finite bandwidth detectors, the Schulman rela-
tion (i.e. the equivalence between bang-bang and continu-
ous measurements) is not valid.
Quite interestingly, for large σ the function pCno-click(t)
can be well approximated by
pCno-click(t) ≃
(
1− pCno-click(∞)
)
e−Γ˜t + pCno-click(∞) (16)
where the effective decay width reads Γ˜ =
−iΓpi ln
(
−λ+iσ/2
λ+iσ/2
)
. The quantity Γ˜ as function of σ
equals Γ for σ = 0, then it decreases monotonically and
and approaches zero for σ → ∞ (Zeno effect). The
expression (16) shows that for large σ the asymptotic
value is approached very slowly.
Discussions and conclusions: We have calculated the
probability that a detector measuring the decay product(s)
in a certain finite bandwidth does not make click. We find
that there is clear and, in principle measurable, difference
between the pulsed (non-unitary) and continuous (unitary)
time evolution of the system.
A crucial ingredient of the continuous measurement is
the function σ(k), where 1/σ(k) is the time response of
the detector when k is the energy of the measured decay
product. Here we have used the very simple expression of
Eq. (8). An interesting outlook is to study the continu-
ous measurement for more complicated form of σ(k), see
also Refs. [30–32]. In particular, as shown in Ref. [31],
not only the Zeno effect but also the anti-Zeno effect can
be induced by the measurement. Moreover, our discussion
is not restricted to quantum mechanics only, but is valid,
with minor changes, in a relativist quantum field theoreti-
cal context [13, 14] and it is thus potentially applicable to
decays of fundamental particles as well.
Finally, an interesting implication of our results is the
possibility to distinguish whether the experimental appa-
ratus performs a continuous measurement or not by tun-
ing its detection efficiency. The most practical choice is
to measure the same unstable system with different appa-
rata which will have in general quite different efficiencies
(which would affect the parameters τ and σ ). If the asymp-
totic value of the no-click probability depends strongly on
the choice of the experimental apparatus, one could deduce
that the bang-bang model is correct. On the other hand, in
the case of a continuous measurement case the asymptotic
value of the no-click probability has a very mild (logarith-
mic) dependence on the detection efficiency. We regard
this argument as a “proof of principle” of the possibility to
test alternatives of QM in which the collapse of the wave
function is a real physical phenomenon which takes place
when the involved number of particles is large enough, as it
is surely the case for a macroscopic detector [19–23]. Con-
versely, in the case of continuous measurements, unitary
evolution always holds and that the wave function never
collapses [33]. A possibility is to interpret this unitary evo-
lution as a split in many branches (the so-called Everett
interpretation [34]), which do not interact with each other
because of decoherence [35]. A vivid ongoing discussion
about fundaments of QM concerns the emergence of prob-
abilities in such a context: at present it is not clear if one
is able to derive the Born rule [36] or not [37]. In conclu-
sion, our analysis shows that theoretical studies and dedi-
cated experiments on unstable systems, besides the possi-
ble technological applications, might also help to address
fundamental issues in quantum mechanics.
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